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PREFACE 



lfath«Mtic« ig such a vMt mui rmpidly expai^ng field of study that 
there are inevitably aany Ija^portant and fascinating aspects of the subject 
which, though within the grasp of secondary school students, do not find a 
place in the cxirriculum sii^ly because of a lack ol tiiM* 

Many classes and individual students, however, may find tiiae to pursue 
mathematical topics of special interest to then. This series of pamphlets, 
whose production is sponsored by the School Itothematics Study Group, is 
designed to make material for such study readily accessible in classroom 
quant ity. 

Some of the pamphlets deal with material found in the regular cixrric- 
ulum but in a more extensive or intensive manner or froej a novel point of 
view. Others deal with topics not usually found at all in the standard 
curriculum. It is hoped that these pamphlets will find use in classrooms 
in at least tvo ways. Sooe of the pamphlets produced could b» used to 
extend the work done by a class with a regular textbook but others could 
be used profitably yht:n teachers want to experin»nt with a treatment of a 
topic different from the treatment in the regular text of the class. In 
all cases, the pamphlets are designed to pronK5te the enjoyment of studying 
mathematics* 

Prepared under the supervision of the Panel on Supplementary Publications 
of the School Mathematics Study Group: 

Professor R. D. Anderson, Louisiana State University 

Mr. M. Philbrick Bridgess, Roxbury Latin School, Westwood, !%ssachusetts 
Professor Jeim Calloway, Kalamazoo College, Kalamazoo, Michigan 
Mr. RoTiSld J. Clark, St. Paul*s School, Concord, Hew Hampshire 
Professor Roy Dubisch, Itoiversity of Washington, Seattle, Washington 
Mr. Thomas J. Hill, C&lahooa City Public Schools, Oklahocsa City, Okla. 
Kr. Karl S. Kalaan, Lincoln High School, Philadelphia, Pennsylvania 
Professor Augusta L. Schurrer, lowa State Oteachers College, Odar Falls 
Mr. Henry W. Syer, Kent School, Kent, Ctonnecticut 
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Commentary and Answers 
THE SYSTEM OP VECTORS 



Introduction . 

Vectors have iJoth a geometric and algebraic aspect. The 
first part of the text is primarily geometric. The algebra of 
directed line segments is considered to be a pleasant device for 
solving geometric problems. In Sections 3 and 4 the algebra of 
vectors is worked out more carefully. Section 5 is about appli- 
cations of vectors to physics. While this kind of discussion 
helped form the whole subject originally, it no longer is the 
central topic in vector studies. Section 6 is concerned with the 
system of vectors as a whole. Instead of examining individual 
vectors the student is exposed here to statements about all 
vectors. 



1 . Directed Line Segments . 

The main ideas of this section are equivalence of directed 
line segments, addition of directed line segments, ar*d multi - 
plication of directed line segments by real numbers. The student 
is required to translate statements of geometric relation into 
algebraic language. 

Exercises 1, . Answers . 

1. AA , AB , BA , ^ . 

2. AA,AB,AC,S,3,BC,CC,CB,CA. 

This is true whether the points are collinear or not. 



AA A BB i CC - DD 
AB A DC , BA A CD 
^ A BC , DA A CB 



5. 



AC , CA , BD , DB are also included in the list of directed 
line segments. From plane g3ometx^ the diagonals of a 
parallelogram have equal measure. This might lead one to 
say AC and BD are equivalent. One needs to turn again 
to the Definition la for equivalent directed line segments. 
The same consideration can be invoked to convince one that 
AC and CA are not equivalent. 

(a: 



(b 
(c 
{d 
(e 
(f 
(g 



(a) 

(b) 
(c) 
(d) 

(e) 



AC 
AC 
AC 
BA 
AA , 
^ , 
CB + CA 

7^ + "Sb. 




for (AB + BC) + CA » AC + CA « AA . 
for Bft + (AC + CB) « BA + AB - ^ . 
Consider what must be added to 



+ AC - CB 

CB -t- CA + AC « CB 
A X 



B AX « "IaB , « ^ , 



B 



r " ^ , B 
». 2AB , S - 



1 

1 ' 



B 



_X AX 

B 



-lAB , BX 



-IBA 



2BA 



-1 



s 



« -1 

2 



AX - |ab , ac - |ba , 



2 « 



B 



AX - , HC 



r - 



1 



1 
1 
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6. 



it) B 



(a) 

(b) 
(c) 



1 

2 
CX 
CA 



X AX 



1 

(e) 

(s) 



3 
1 



1 

1 
1 



2. Applications to Geometry . 

This section makes two main points. The first is that 
vectors can be manipulated according to some of the usual rules 
of algebra. The second is that certain problems of elementary 
geometry can be solved by such manipulations. 

Each of the examples is worked out as an isolated problem. 
No hint is given about a general approach to all of them. There 
is such a general approach which the teacher may want to discuss. 
Each problem can be solved by 

(1) Choosing two directed line segments on non-parallel 
lines. 

(2) Expressing each of the other directed line segments 
in terms of the ones originally selected. 



Exercises 2. Answers ♦ 

1. (a) DB - DC + DA , by Definition lb and equivalent 
directed line segments. 

(b) - DC + CB . 

(c) DB»DC + CB«AB + (-KJ) « AB - BC additive inverse. 

(d) ^ - DA + AB » -AD + AB . 

(e) EB - CB -H AB - -BC - . 
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2. (a) The ray J& . 

(b) The aegsaent TS . 
(o) The ray opposite to the ray 1^ . 
(d) The segment whose midpoint Is A and which has B 
as an endpoint. 

3. Hints Note the development from the case where either r 
or 8 is zero and the other varies to the case where both 
are variable . 

(a) The line *AC*^, 

(b) The line 

(c ) Any pointon or ^BK^ or between '^C*' and ^BX^ 
where | *AC*. 

(d) Any point on *AB* or *CY*^ or between and *CY^ 
where ^Y^| 

(e) Any point inside the parallelogram ABCD i^ere D 

is the inter sectio n of *BX* and *CY^ or on its perimeter. 
-(f) Any point on (line through B j 1"^^ . 

(g) Any point on ^CY^ (line through C | f^A^ . 
♦(h) Any point on ^*BC*^. 

♦(1) Any point on ^BC^ where C is on ^CA^ and A is 

the midpoint of segment 6"«"C . 
*(J) Any point on where P is located on *AB* so that 

AP - 2AB and 1 is located on AC so that AQ - 3AC . 

*(k) Any point on ^EF* where AE - |ab and AP - yAC 
(E on AB and F on AC) . 

♦(1) Any point on "^OH^ where AO - - and ^ - - Iac . 



,9 
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Lat AH » rAD and AE - sAB . Then ^ - (1 - r)AD and 
EB « (1 - s)DC . Note that the opposite sides of a 
parali&iogram are equal. 

Let - AH - /hp and Vg - S + mlo . We must show that 
these are values for / and m for which % » and 
that, for these values, either or is equal some 

constant times AC . " Vg implies 

(1) AH + f (ID + DP) - AE + m(EO + 00) . 

Substituting for AH , AE , etc. in terms of AD and 
DC and collecting on AD and DC we obtain 



(2) (r •>- / - ir)AD + /sCC * (s -t- m - m«)DC mrAO . 
This eqtiality (2) is satisfied If 

(1) . r + i - ir * mr and (ii) /s - s + m - ms 
Solving (1) and (il) for / and la in terms of r 
and s we obtain 

For these values of / and m , * ^2 ' Moreover 
(4) - AH + /i^ » rAD + ^ ^ ^ _ ^ [( I - r)AD + sDC] 



AC 



r + s 

Since v"^ equals a constant times AC the Inter- 
section of HF and EG lies on AC . 
Question: What happens when r s « 1 ? 

(a) OB - OQ + OP . (e) ^ - 2^ + 20P 

(b) OC - OQ - OP . (f) AC - 20Q - 20P 

(c) OD - -OQ - OP . (g) CA - -20Q + 20P 

(d) OA » -0§ + OP . (h) ^ - -2^ - 20P 



Q.E.D. 




Let 0 be the midpoint of , P the midpoint 
of , Q the midpoint of W . 
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AO - |aD - |{AG + ^) - ^{iffl + BQ + 5d) « |(AB + AF + AH) 
AP-AB + -1^-51 + -ICBF + ji) - AB + + AF + fI) 

-AB--|aB+-|aP+^ - |(AB + AF + ah) . 
A5-AH+|i^-AH + |(HA AG) - AH + ^{EA + AE + i|) 

- AH - + ^ + |aF - |(AH + AB + AF) 
. . AO - AP - AQ and points 0, P, and Q coincide. 



3. Vectors and Scalars i Components . 

The main topic of this section is the algebra of vectors 
that are given in the component form [p,q] . The transition 
from coordinates {of point s^ to components (of vectors) is a 
little subtle. Once the change-over is made, the algebraic 
properties of vectors are easily established. 



Exercises 3. Answers. 



1. 



•8(4,3) 



»A{i,2j 



•C(6,l) 



(a) Let (a,b) be X . 

Then ^ is [ - 1 ) , (3 - 2) } . 

Then CX^ is [ (a - 6) , (b - 1) j . 
Since AB * CX , 

a-6-4-i,b-l = 3- 2 
a » 9 b « 2 . 

The coordinates of X are (9,2) . 

ERIC 1 2 
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(b) a - 1 



a - -1 h m k 

4-6,2-b-3-l 
b « 0 

X(3,0) 

6-4,2.b-l-3 
-1 b - 4 

X(-l,4) 

2. (a) 4 - (-1) - a - (-6) , -3 - 2 - b - (-1) 

a « -1 b « -6 

X(-l.-6) 



(c) 1 - 



(d) 1 - 



a 

a - 3 

a 
a 



3. 



A(-l,2)- 


y 


•C(-6,-l) 


X 

• 8(4,-3) 



(b) a - {-i; - 4 - (-6) , b - 2 - -3 - (-1) 

a « 9 b - 0 

X(9,0) 

(c) -1 - a - 4 - (-6) , 2 - b - -3 - (-1) 

a - -11 b - 4 

X(-ll,4) 

(d) X(9,0) . 

(a) [3,2] + [4,1] . [(3 + 4) + (2 + 1)] - [7,3] , 
by Theorem 3b. 

(b) [1,-1] . 

(c) 4[5,6] -[4.5,4.6]- [20,24] , by ^Sieorem 3c 

(d) [-20,-24] , by theorem 3c.- 

(e) [-5* -6] , by Corollary of Theorem 3c. 

(f) [-5.-6] . 

(g) 3[4,l] + 2[-l,3] - [12,3] + [-2,6] 

- [12 + (-2) , 3 + 6] - [10,9] . 

(h) [14,-3] . 
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it. (a) xC3,-l] + yE3,l3 - [5,6] 
C3x,-x) + [3y,y] - [5,6] 
C(3x + 3y) , (-X + y)3 - [5,6] 

j3x + 3y « 5 
!-x + y - 6 

The Bolution set of the system is {("^,^)) , 
That is, X - and y - ^ . 

(b) The resulting system is, 

|3x + 2y - 1 whose solution set is ((- ^t^)) 
iSx + 3y - 2 

1 k 
That is, x » - "I and y - ^ . 

27 „ 8 



(c) X - -jj and y 
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(d) ISie solution set of the system 
|3x + 6y - -3 

/2x + 4y - -2 is {(a, "^ g ^ )) for all real a . 

For instance, one element of the solution set is 
-3 1 

(3, 1 — ) , or (3,-2) . Ask students to find other 

pairs of nxanbers which belong tc the solution set. 
There will be an infinite number of such pairs. 

5. (a) [3,1] m a[l,03 + b[0,l] 
[3,1] - [a,0] + [0,b] 
[3,1] - [(a + 0) ,(0 + b)] 

a + 0 • 3 and 0 + b » 1 
a - 3 and b » 1 

(b) a - 1 and b « -3 . 

(c) t - a[-3,l] + b[l,-3] 

[1,0] - a[-3,l] + b[l,-3l 
[1,0] - [-3a, a] + [b,-3b] 
[1,0] - [(-3a + b) , (a - 3b)] . 

Hence a and b satisfy 

j-3a + b - 1 
) a - 3b - 0 . 

We conclude that a - - and b - - . 

1 . 
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(d) T - a[-3,l3 + b[l,-33 

[0,1] - a[-3,l] + b[l,-33 . 

Hence a and b satisfy 

U3a + b - 0 
j a - 3b - 1 . 

1 3 
We conclude that a « - and ^ ■ - § 

6. 3i - 2j - a(31 + + b(4i + 3j) 

31 + (-2)1 - (3ai + 4a J) + (4bi + 3b j) 
31 + (-2)?« {3a + 4b)i + (4a + 3b . 

Hence a and b satisfy 

(3a + 4b » 3 
|4a + 3b - -2 . 

We conclude that a «■ - ^ and b =■ ^ . 



4. Inner Product . 

The system of vectors before the Inner product Is Introduced 
is not adequate to handle all of geometry. Only a few problems 
relating to angles and distance can be covered. The introduction 
of the inner product enriches vector algebra to the point that it 
is capable of being a completely adequate substitute for 
Euc 1 i dean " Geometry . 

The student is not likely to see these implications of the 
introduction of inner product. He should only be expected to 
compute them and to use them in the simple applications indicated. 



1 ^ 

ERIC 
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Exercises j^. Answers . 

1. Oiven 1 - [1,0] and "J - [0,1] . 

(a) X • y - [1,03 • [0,1] -1-0 + 0. 1«0. 

(b) [1,0] . [1,03 -.1.1+0.0-1. 

(c) [0,1]- [1,0] - 0 . 

(d) 1 . 

(e) 0 . 

(f) -7 . 
(S) -7 . 

(h) ac + bd . 

(i) + . 
(J) sa^ + sb^ . 

2. X • Y - Ixj |Y| COB 9 

(a) 2.3 cos fl « 0 ; therefore, e - 90° . 

(b) 81.4° . 

(c) 109.5° . 
id) 60° . 

' (c) 131.8° . 

(f) 33.6° . 

(g) 0 . 

(h) 180° . 

3. ir f 1 X then X • Y - 0 . 

(a) [3,4Ha,4] - o 

3a + l6-0;a»-^. 

¥ . 

(c) -3 . 

(d) ^. 

4. (a) + 0^ V^^ + 1^ cos 5-0 





cos 8-0 


(b) 


0 . 


(c) 


90° . 


(d) 


0 . 


(e) 


90° . 


(f) 


107.6° . 


(g) 


107.6° . 
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. . ac + M 

(h) cos $ « 



V(a2 + b^)(c2 + d^) 
(i) Va^ + bVi6{a^ + b^) cos 8 - 4(a^ + b^) 



cos B 



9^' 0° . 

(J) 0^ . 

5. Note that (ci + dj) • {-dl + cj) - -cd + cd - 0 . 

Therefore since c^ + d^ / 0 , oi + dj is perpendicular 
to -dl + c j . A non-zero vector is perpendicular to one 
of these if and only if it is parallel to the other. 

6. (a) Component of Y in the direction of X is |y! cos e 

\Y\ -V^^ + « 5 . To find B we note two 
expressions of X • ^ . 

(i) X • Y - 1x1 • |Y| cos 8 and 
(ii) X • Y - x.^y^ + XgYg where X « x^i + XgJ 
and Y « y^i + ygJ • 

Prom (i) and (ii) we have x^^y^^ + x^yg » fxj |Y| cos© 

1 • 3 + 0 • 4 -Vl^ -H 0^ • + 4^ COB e 

3 

3-5 cos 9 » cos 9 » ^ 

3 

Desired component « 5 ' ■ 3 . 

(b) Using same plan as in Part (a) we obtain ^ - 5 cos 9 
. ' . Component of Y in dixrection X - ^ . 

3 

5 • 



4 
5 



(c) 


3-1 + 4 


• 0 - 


5 • 


1 cos 8 


cos 


9 - 




{Yi cos 8 


- 1 


. 3 3 






(d) 


3-0+4 
|Y| cos 8 


. 1 . 

4 


5 • 

* 


1 COS B 


COS 


9 - 


(e) 


3-3 + 4 


. 4 - 


5 • 


5 cos B 


COS 


9 - 




component 


- 5 • 


1 - 


5 . 







t 
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(f ) 15 + 8 - 5 • COB 9 . COB e - 

I Yjcoa « . M -#-4.6 

(g) 3a + 4b « 5 . 'v/a^ + b^ • cos a 

* COB e 



5\4^ + 



|Yj cos 8 - ^ « desired component, 
(h) pa + qb -Vp"+~Q^ • + b^ cos e 



/ o 5 pa + Qb 

Desired component -va + b cos 8 - ■- 



5- Applications of Vectors In Physics . 

The main topic of this section is the use of vectors In 
solving certain problems of physics. The student does not have 
to know much in the way of physics to handle the material^ but 
there are a few bits of information which are taken for granted 
in the problems (for instance, that the direction of a force 
transmitted by a coxrd must be along the line of the cord) . 
Primarily the student should c^ae to this work knowing about 
addition of vectors, scalar mxiltipllcatlon, and Inner products. 
He should see how this knowledge can help him to learn substantial 
amounts of physics easily. For Instance, forces in equilibrium 
can be discxissed readily in vector language. 

Two extreme points of view should be avoided. 

{l) The student could get the Impression that his knowlf;dge 
of vectors makes him an expert physicist. This is not so. He 
needs to learn a little physics as well as vector algebra to 
solve these problems* 



14 

(2) The Btudent coxild get the Impression that in spite of 
his knowledge of vectors he is unable to solve the simple 
problems given here without a lot of supplementary study of 
physics, ^is is not so. He is given a few observations on 
forces, resxiltant of forces, forces in equilibrium, work, velocity. 
These should not be made to appear so formidable as to discourage 
him. 



Exercises 5a . Answers , 



1. 5v^ lb. 

2. R » 



T 



jRj cos 120° , |r| Bin 120°) 

. 1 IRI . Jll^) . 

\t\ COB 30° , |S| sin 30°) 

0, -1000) . 
0 . 




If |T[ « OOO 



R + S + 

(- -I j^l + ill^ , Jli^ + 1 j^l . 1000) - (0,0) . 

jR| - SOOVI Z 866 . 
|S| « 500 . 

The force of wire AC on C Is approximately 866 pounds; 
the force of wire BC on C is 500 pounds; for equally 
strong wires, CW is more likely to break since the 
greatest force is on it and BC is least likely to break. 
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An alternate solution can be gained using "free" vectors, 
right triangles, and the resultant of It and t as shown 
in the stetch. Using the jjarallelogram law for the addition 
of the vectors, PM must be the 
hypotenuse of a 30° - 6o° right 
triangle and have a length of 
1000 \mits. Hence, fJ5 which 
lies opposite the 30° angle 
has a length of 500 \jnits. 
Similarly in right triangle IXB , 
T$ lies opposite the 6o° angle; 
it has a length of SOOv^ST. units. 

Force in AC is 10000/^/3" Z 5770 . 

Force in BC is 5000/ V7 Z 2885 . 

Force in CW is 5000 pounds. 

^ - {|0P| cos 23° , sin 23°) 

o5 - (|S5| cos 113° , |o3| Bin 113°) 5tJ - (0,-300) 
OP + cfe + 5^ - 0 ; i.e., (jOPj cos 23° + \0Q.\ cos 113° 

jOPj sin 23° + |oq! sin 113° - 300) - (0,0) 
Solving I OP I ~ 117 and |0Q| II: 276 . 
Prom the Law of Cosines, 

- li r 0-971 . 
Angle B ^ 14° ■ angle BCD . 




Also, cos C ■ 



2i+6i-r 

(2) (2) (6) 



- § - 0.3750 , and C 112^ 
Angle ACE Z l80° - (l4° + 112°) , 54° 

Forming a' vector diagram in a 
coordinate systan with a vector 
unit of 1 pomid of force, we 
see that the components of the 
vectors are: 

20 
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t « (|r| C08 5^° , !t| Sin 5^**) - (-0.588 |r| . 0.809 1^1) J 
1 - (|S| cos 14° , \% sin 14«^) ^ { 0.970 \t\ , 0.242 jsj) j 
f - (0, -20) . 

Since "r + + T - "5 , adding the left raembei- vectors gives 
the eqii&l vectors 

(-0.588 \t\ + 0.970 |S| , 0.809 |R| + 0.242 |s| - 20) 



The force on wire AC is approximately 21 pounds; 
on wire BC , approximately 12.7 pounds. Wire AC 
is the one which is most likely to break. 

6. Ihe force on wire BC at C, is 500^/5 ^ 866 pounds; 
on AC at C , it is lOOO pounds; and on CW at C , 
it is 500 pounds. 



- (0,0) . 



Equating corresponding components, we have 

-0.588 {R| + 0.970 |S| « 0 , 
and 0.809 1r| + 0.2^2 |t| - 20 . 



Solving these eqx;ations simultaneously, we have 






"S - i\t\ cos 45° , |tj sin 45°) 



"f - (0,-2000) 
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Since 4- ^ « $ , addition gives two eqiuQ vectors; thus 

(-\|- |t| +^ |t| , . ^ |t| +^ {1^1 . 2000) - (0,0) . 

Equating; corresponding components gives the following pair 
of simultaneous e<xuations: 



+ 1 rsi - 0 , 

V2. 



1 
■5 



|r| + -i- js| - 2000 - 0 . 



In the first equation, 

|R| 



Using this value in the second eqimtion, we obtain 



(- 4- 4-) 1^1 - 2000 . 
Hence, |S{ (ggOO) 5: 6750 

8. Ihe vectors are placed in a coordinate ^yistem using 1,000 
poimds of foz*ce as a convenient vector unit. Hhe vector 
coaq;}onent8 are as follows: 



ept 
ept 



nS^^tl =<«> 30° , IP^^I .in 30°] 



is! 



-1^1 IT^IV^l 
(0,-6) . 



f « 

J $ 



















-90- % 
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9. 



Since tiw airplane is moving in a straight line at constant 
speed, 

^t * ^ ^ - ° • 
Adding the vectors in the left member we obtain 

[i%£.j|i.0,i!i^.i^.6].(0,0) . 

Equating corresponding components and solving the equations 
simultaneously, we obtain 

IF^^I - 3.000 , and [F^j - 3v^ Z 5.196 . 

Hence, the effective propeller thrust is 3000 pounds 
and the lift force is approximately 5196 pounds. 




^ept 



{|F^| cos 105° , \\\ sin 105°) 
(-0.2G j^v.l , 0.97 iKl) • 



ept 
(0.97 



cos 15° , iPgp^l sin 15°) 



g 



(0.-10,000) . 
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Sine© + + « "O , we have the two eimultaneous 



S 



equations: 



10. 



(1) -0.26 |pj;| + 0.97 1?;^^! - 0 , 

(2) 0.97 |PJ;i + 0.26 IF^I - 10,000 . 
Solving this system or equations, we get 

- 3.7 ll^J , 
and |Fgp^{ - 2,600 pounds. 

|F^j - 9*500 pounds. 
fI - (IP^I cos 100° , 1^1 sin 100°) Z (-0.174 , O.985 \F^\) 

1^1 - (15^1 cos 10° , IS^I Sin 10°) Z (0.985 iF^i , O.m |F^|) 
^ - (0,-500) . 

-O.m 1^1 + 0.985 ll^l - 0 . 

0.985 If^i + O.m jp^i - 500 - 0 . 

(0.985) (§7^ IF^I + o.m IP^I - 500 

" 5.56 +°6.m ^ ^"^-^ • 
|pj;i (87.3) 5: 494 . 

















^ — 




ll^'SOO 



o 
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Sxerclsas Answers 




^ - ^ • Cb 

(a) - 10 cos 10° X; 10 X .985 - 9.85 lb. 

Work - d • "5^^ ^ 10 X 9.85 - 98.5 lb. 

(b) W « 100 • 10 • cos 20° Z 1000 • .940 - 9^+0 ft. lb, 

(c) W » 8660 ft. lb. 

(d) W - d . 10 cos 10° 
1000 d . 10 • .985 

d "^^^ 101.5 ft. 
/-^ ^ "v 1000 100 ,^ /- 

/ t 1000 

^" 100 .cos 00 - 10 

(g) d- iooo_ - 1000 « 1000 571.4 ft. 

100 COS 89° 100 • ,0175 1.75 
^ between p and - « since sides of /S are 
mutimlly perpendicular. 
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(a) - |t| ooa (f - ) 

Ifjl - |?| sin e ■ - "^d 
W -1^ . 

W - d"p Sin (Note that this is equivalent to 

left-P in a vertical direction 
from R to S .) 







W - 10 • 


10 • sin 10° 






w ^; 100 


• .m - 17.4 ft. lb. 




V 


- 342 ft. 


lb. 


(c) 


V 


- 500 ft. 


lb. 


(d) 


d 
d 


W 

^ sin s 
- 575 ft. 




(e) 


d 


- 292 ft. 




(f) 


d 


- 571 ft. 




(g) 


d 


- 10 ft. 





Exercises 5c . Answers . 



1. Z 1.8 miles. 



2. ?voa Figure (a) we determine the 
angle which the path of the boat 
makes with the shore line (/ a ) 
and the speed of the boat along 
OQ . Let length of OQ « d . 

d^ - 1.3^ + 0.5^ 

d -vTrP" - 1.39 - distance traveled. ' 

The boat covers the distance d in 
25 minutes. Hence if s la the 
speed of the boat along OQ 

s • - 1.39 
8 - 3.34 . 
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i 



Figure (b) la our force diagram. s 
We have 

or + TR « 3f? 
{5^1 - , 1^1 - 3.34 
and - 21° . 

£|y the Cosine Law 

- 4^ + (3.34)2 » 2 • 4 
• 3.34 COB 21° R 
|TR| ^ 1.52 . 

By the Sine Law applied to aRTO 

3.3'^ _ 1.52 „ 'X, _-o ... 

inrr ain il^ • « " ^l Figure (b) 

3. \/5T ^ 6.08 miles per hour. 

4. Since the velocity is c<mstant, in one second the body will 
reach the point (2,1.5) . Thus, the velocity vector is 

2*1 + I.ST . The velocity of the body is 200 • feet per 
second to the right, and 150 feet per second upward. 
Its speed is 250 feet per second. 



At t - 15 the body is at 








the point (130,131) . Thus, 


JOO- 






it has moved 1300 miles to 








the right, and 1310 miles 


50- 






upward. 









0 50 100 ISO 



\ 




6. Since ship £ does not cross 
the imke of ship A until 
after t « 2 , the ships will 



not collide. 
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7. Since both ships ax^ at the 
point when t - 4 , 

the ships will collide. 




PATH OF SHIP 8 



8. We cowpute the displacements that would result from one 
hour of travel. Thus 



^ - -3 (cos S )l + 3(sin B )"? 
Consequently, 




- {-3 cos fl )"i + (3 sin - 4)j' . 

The scalar components of 1^ are both negative. This 
means that the boat will actually be carried downstream. 
The situation is illustrated by the diagram below. 




In order to drift downstream as little as possible e must 
be dctenained so that tan o is minimum: 



tan a 3 



-3 sin g -f 4 
3 cos 6 
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This problem can be handled easily by using calculus. 
However, by making use of a table or graph we can obtain an 
approximate solution without using calculus. Thus, the 
smallest value of tan a occurs for 

sin e - "I * 
8 Z , 

For this value of S , 

Bl - -3{.66)i + (3 • I - 4)T 

- -1.981 - 1.751 . 
Ihe corresponding value of « is given by 



tan 



-3 if) + ^ 



3^ 

4 



3VT 



0.88 



5: 41° . 

Traveling in this direction, the boat will land at C . 




Thus 



Tffi - ^ mile. 



tan a 



1 
1 



(.88) » 0.44 miles 



•Rierefore, the boat must be carried at least 0.44 miles 
downstream. Another way of saying the same thing is that 
C is the farthest point upstrerm at which the man can 
land the boat. 

The intuitive meaning of this problem is quite subtle. 
Let us consider the effect of different values of S . 
Evidently if B < 0 , then the man is using a component of 
his rowing to help the current sweep him downstream . This 
is the very opposite of ^at he wishes to do. 



Hence, a wise choice of s requires 0 < e < ^ • 

It night seem aeasible to head straight for the 
opposite shore; i.e., to choose « 0 . Let us examine 
this possibility carefully. 



If e is chosen so that it is about ^9° , then the 
man will have sacrificed a component BA which would carry 
him to the opposite shore, but he will have gained a much 
larger component BC which is keeping him from being swept 
downstream. For S Z kg^ he is crossing almost as fast 
as he would be for e - 0 , but he is not being swept 
downstream so rapidly. It is a good bargain. 

What would happen if the man sacrificed even more of 
the crossing component in order to gain a larger component 
working against the current? Suppose he chooses e » 70° . 
In doing BO he sacrifices a crossing component of BA in 
order to gain the component BC which opposes the current. 
The price is too great, however. 



Even though the man is not being swept downstream so 
rapidly, he will actually be swept farther downstream. 
This is true because the crossing component OB is now 
very small; consequently, it takes him a long time to cross. 
IXiring this time, he is swept, slowly but surely, a long way 
down the stream. 




A 



B 




30 



Finding the optimum value of S is, therefore, a 
matter of comprcaiise; it is motivated by a desire to oppose 
the current as much as possible, without slowing progress 
toward the opposite shore more than a little. 
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2. 



3. 



4. 
5. 



Since the graphs for each of the remaining parts of this 
problem are similar to (a) and (b)^ they have been omitted. 



(a) 
(b) 
(c) 

(a) 



16 . 
10 . 
0 . 



16 



3v^ 

10 



id) 
(e) 

(c) 
(d) 

(e) 



0 
0 



0 
0 

0 



We shall give two solutions to this problem. 
First solution ; Let us first find vectors having the 
directions of the suspending cords. Ejy orienting axes 
appropriately we obtain the top view represented in the 
following diagram. 







J CABLE (2) 




/ 

/ 

/ 

/ 




CABLE (1) i 


\ 

\ 

\ 

\ 

\> 






-XT 


^ CABLE {3) 



Let A be a vector which is parallel to cable (1). Ihen 
the vector -i makes an angle of 30^ with "A , an 
angle of 6o° with 1c , and an angle of 90° with "3" . 
Let "a » &^ + a^T + a^lc . If we "dot" "J into both 
sides of this equation, we get 

7 • A - "J • (a^^ + a^i 4- a^k) 

- a^(j . t) + ay{J . t) + a^CT • k) 



a. 
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Now, ir we choose lAi « 1 , we get 

&y - J . A - ITI - \t\ cos 90° 
- 0 . 

Proceeding siioilarlyy we have 

T - 1t » « cos 150° - - cos 30° 




"k • "a - * " ^ • 

ltonce« 

Ve now seek a vector B which is parallel to cable (2). 
Let us first find a vector "u of length one» which lies 
in the xy-plane directly under cable (2); (i.e., "u 
points along the noon-day shadow of cable (2)). 

Evidently, 

Now, ^ lies in the plane of 1c and u . Hence, we can 
use 1c and u as basis vectors. ThMs, 

- bjlc + bgU . 

To find b^ and bg , we proceed as befoz*e. Let iB{ « 1 . 
k • "fi » b^ ■ cos 60° » -J . 
u • B - bg - cos 30 

Consequently, 

3 

o 
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symmetry, we can see that C , the unit vector parallel 
to cable (3), must be 

The forces arc equal in each cable. Let one unit of length 
of vector represent one povuid of force. Then, since the 
cables are flexible and can transmit only forces parallel 
to themselves, we have 

- C A , 

- c B , 
P3 - c C . 

We can now find the scalar c . The total upward component 
is 




Tkxt the total upward component must balance the downward 
force of gravity. Consequently, 

I c - 15 , 
c « 10 . 

Thus, "P, » IO'A . 

Since |Aj - 1 , it follows that fp^ | « 10. Therefore, 
there is a tension of 10 pounds in each cable. 

Second Solutions Begin exactly as you did in the first 
solution, but notice that once we have 

we know that 

- °x"^ * V ^ • 

Vjte do not need to find x and 2 components , it suffices 
to work only with vertical components . 

3 ' 
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As befoz«» 



Pg - cB , 
^2 ■ J 



and ve get 



|c - 15 , 
c - 10 , 

jP^I «- 10 . 

Hence J we again find that each cord exeirts a force of 10 
pounds on the lighting fixture. 

6. Let us choose axes so that the xy-plane, is horizontal, «rith 
"J pointing north and "i pointing east. The three vectors 
we need to consider are as follows: 

X'q (representing the velocity of the airplane 
with respect to the ground); 

^ (representing the velocity of the airplane 
with respect to the air); and 

(representing the velocity of the wind with 
respect to the ground). 

We know from physics that 

Aq - A^ + Wg . 

Now, aJJ - 100[(cos 30°)? + (cos 60°)kl 

- 50 "J + 5o1c J 
also, - 30t . 

Consequently, 

- 30i + 50v^ + 50k . 

The upward component 50lc does not appear in the ground 
speed. In fact, the ground speed is 

|A^ - 50l?j + (50v^)2 

-v/8400 

^ Iv 92 miles per hour. 

ERIC 3-^ 
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7. Evidently, the pilot will achieve the fastest ground speed 
if his heading is with the wind . Using the notation 
eoployed in Problem 6, we have 

- 50^3" i + 50k , 

- (30 + 50/v/3')i + 50k , 

|aJ - 50k! -^(30 + sov?)^ 
117 m.p.h. 

Similarly, the smallest ground speed will l>e achieved if 
the pilot heads into the wind; in this case the ground 
speed will be 

- 50kj »vf50Vi~^~30p 
57 m.p.h. 

8. The proof is analogous to the one for two dimensions. 

9. 7i - 3? + 5k . 

10. , ^ - . 

11. _1 . 



6. Vectors as a Fonnal Mathematical System . 

The main topic of this section is the solution of a problem. 
To teach this section successfully the teacher must do more than 
eolve the problem. He must help the student understand what the 
problem is and also help him understand that which is offered as 
a solution of the problem really solves the problem. 

First, let us consider what the problem is. We learned that 
vectors obey certain rules. We ask whether vectors are the only 
objects which obey these rules. The answer is certainly "no," 
since forces and velocities also obey them. The question which 
we propose is whether any system of objects which obeys these 
rules can be correctly treated as a system of vectors--whether it 

o 3 6 
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is "esMnti&lly the saae" as ouz* system of vectors. Ve answer 
this question by proving that any system which obeys Rules 1-11 
is isomorphic to our system of vectors. 



Exercises 6. Answers * 

1. Yes. 

2. The system obeys the rules 1, 2, 3, 5, 6, 8, 9, 11, but 
not 7 and not 10 . 

The left member of Rule 7 becomes 



r © (s 0 (a,b)) - r 0 (^,^) 



r(f) r(f) 

« I , ^) 

/Psa rsb x 

and the right member of Rule 7 becomes 

(rs) 0 {a,b) . , ^) . 

These are not equal. 

!nie left member of Rule 10 becomes 

1 O (a,b) « (| , |) . 

The right member of Rule 10 becoa«s (a,b) . These are 
not equal . 
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Th±» system obeys rules 1, 2, 5, 6, 7, 9, 10, 11, but not 
3 , not ^ , and not 8 . 

Ttie left member of Rule 3 becomes 
(a,b) ® ((c,d)© (e,f)) - (a,b) © , 

m / 2a -i- c + e 2b + d -H f X 

Itie rii^t member of Rule 3 becomes 

((a.b) © (c,d) + (e,f) - , @ (e,f) 

/ a -H c + gtf b+_d + 2f V 

These are not equal. 

•nie left member of Rule 4 becomes 

{a,b) © (x,y) - , . 

•nae right member of Rule 4 is (a,b) . 
!niese two are equal if and only if x « a and y - b . 
Olierefore there is no single (x,y) such that for all (a, 

(a,b) © (x,y) - (a,b) . 
The left number of Rule 8 becomes 

(r + s) 0 (a,b) - ((r + s)a , (r + s)b) . 
The right member of Rule 8 becomes 

(r 0 (a,b)) © (s 0 (a,b)) - (ra,rb) © {sa,sb) 

_ /ra+sa rb+sbN 
( 5 , 5 ) . 

These are not equal. 
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